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Dynamical bulk-edge correspondence for nodal lines in parameter space
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Nodal line in parameter space, at which the energy gap closes up, can either be the boundary
separating two topological quantum phases or two conventional phases. We study the topological
feature of nodal line in parameter space via a dimerized Kitaev spin chain with staggered transverse
field, which can be mapped onto the system of dimerized spinless fermions with p-wave supercon-
ductivity. The quantum phase boundaries are straight crossing degeneracy lines in 3D parameter
space. We show that the nodal line acts as a vortex filament associated with a vector field, which is
generated from the Zak phase of Bogoliubov-de Gennes band. We also investigate the topological
invariant in Majorana fermion representation for open chain. The Majorana edge modes are not zero
mode, but is still protected by energy gap. The exact mid-gap states of the Majorana lattice allows
to obtain the corresponding Majorana probability distribution for whole 3D parameter space, which
can establish a scalar field to identify the topological feature of the nodal lines. Furthermore, when
we switch on a weak tunneling between two ends of the Majorana lattice, the topological invariants
of the nodal lines can be obtained by the pumped Majorana probability from an adiabatic passage
encircling the lines. Numerical simulations of quasi-adiabatic time evolution is performed in small
system. We compute the current to monitor the transport of Majorana fermion, which exhibits
evident character of topological pumping. Our results link the bulk topological invariant to the
dynamical behavior of Majorana edge mode, extending the concept of bulk-edge correspondence.
I. INTRODUCTION
The quantum phase in condensed matter was believed
to originate from the symmetries atomic array and the
phase boundary can be interpreted by Landau symme-
try breaking theory1,2 until the discovery of the quan-
tum Hall effect3,4. The topological features of matter
have attracted intensive studies in many aspects. From
the spectral point of view, there are gapped and gapless
topological phases. The topological phase with energy
gap can be classified as two types5, the one with intrin-
sic topological order, which do not require any symme-
try, such as fractional quantum Hall systems6, chiral spin
liquids7 and Z2 spin liquids
8, and the one with symme-
try protected topological order9–15, such as the spin-1
Haldane chain16 or Z2 topological insulators
17–20.
Besides the gapped topological phase, robust topolog-
ical properties can also exist for the systems that have
stable Fermi points or nodal lines in the energy spec-
trum. Examples of these gapless systems are Dirac points
in graphene21–26, the A phase of superfluid 3He27,28,
Weyl semimetals29–39, and nodal noncentrosymmetric
superconductors40–51.
The topology of such gapless state originates from the
topological feature of the nodal points and nodal lines,
as vortex and vortex line in Brillouin zone52–72. How-
ever, it is a little hard to measure the topological invari-
ant in experiments, which is defined under the periodic
boundary condition. Fortunately, there is a particularly
important concept, the bulk-edge correspondence, which
indicates that, a nontrivial topological invariant in the
bulk indicates that localized edge modes only appear in
the presence of opened boundaries in the thermodynamic
limit17,19,73–76.
In this paper, we explore an alternative topological
character hidden in the condensed matter. We study the
feature of nodal line in parameter space via a concrete
system. Such a nodal line as quantum phase bound-
ary, is different from the nodal line in the momentum
space. We investigate a dimerized Kitaev spin chain with
a staggered transverse field, which can be mapped onto
the system of dimerized spinless fermions with p-wave
superconductivity. The quantum phase boundaries are
straight crossing lines in the 3D parameter space. We es-
tablish a vector field P in a parameter space, generated
from the Zak phase of Bogoliubov-de Gennes band based
on the exact solution. We show that the phase boundary
line acts as a vortex filament associated with the field P,
which reveals the topological feature of the nodal line.
By Majorana transformation, we also study the topolog-
ical pump corresponding to the P field. We investigate
a Thouless quantum pump with Majorana fermion. An-
alytical and numerical results show that the quantized
pumping charge is equivalent to the topological invari-
ant of the nodal line and can be obtained via a quasi-
adiabatic process in a weak open system, which reveals
a dynamical bulk-edge correspondence.
This paper is organized as follows. In section II, we
present the model and phase diagram. In section III, we
investigate the band structure and symmetries. Section
IV devotes to the topological invariant of the nodal lines.
In section V, we study the Majorana representation of the
model. Section VI summarizes the results and explores its
implications.
II. HAMILTONIANS AND PHASE DIAGRAM
We start our investigation by considering a dimerized
Kitaev spin ring with spatially modulated real and com-
2plex fields
H =
N∑
j=1
(
λσx2j−1σ
x
2j + σ
y
2jσ
y
2j+1
)
+
2N∑
j=1
gjσ
z
j ,
where the external field gj can be either real or complex.
We take gj = go (ge) for odd (even) j. Here σ
α
j (α = x,
y, z) are the Pauli operators on site j, and satisfy the
periodic boundary condition σαj ≡ σαj+2N .
The ground state properties of this model with zero
external field have been studied recently77, while its non-
Hermitian version without dimerization is investigated in
Refs.78,79. It has been shown that a second order quan-
tum phase transition (QPT) occurs at λ = ±1 but zero
external field.
In the following, we will diagonalize the Hermi-
tian model. It can perform the Jordan-Wigner
transformation80
σx2j = −
∏
l<2j
(
1− 2c†l cl
)(
c†2j + c2j
)
,
σy2j = −i
∏
l<2j
(
1− 2c†l cl
)(
c†2j − c2j
)
,
σz2j = 1− 2c†2jc2j , (1)
to replace the Pauli operators by the fermionic operators
cj . The obtained fermionic Hamiltonian reads
H =
N∑
j=1
{[λ(c†2j−1c†2j + c†2j−1c2j)
+(c†2j+1c
†
2j + c
†
2jc2j+1) + H.c.]
+go(1− 2c†2j−1c2j−1) + ge(1− 2c†2jc2j)}, (2)
which describes a system of dimerized spinless fermions
with p-wave superconductivity is a variant of spinless p-
wave superconductor wire81. Here we neglect the dif-
ference between even and odd number parity, which has
no effect on the quantum phase diagram in the large N
limit.
It is a bipartite lattice, i.e., it has two sublattices A, B
such that each site on lattice A has its nearest neighbors
on sublattice B, and vice versa. We introduce the Fourier
transformations in two sub-lattices
cj =
1√
N
∑
k
eikl
{
αk, j = 2l
βk, j = 2l− 1 , (3)
where l = 0, 1, 2, ..., N , k = 2mπ/N ,m = 0, 1, 2, ..., N−1.
Spinless fermionic operators in k space αk, βk are


αk =
1√
N
∑
j
e−iklcj , j = 2l
βk =
1√
N
∑
j
e−iklcj , j = 2l− 1 . (4)
This transformation block diagonalizes the Hamiltonian
due to its translational symmetry, i.e.,
H ′ =
∑
k∈(0,pi]
Hk =
∑
k∈(−pi,0]
Hk =
1
2
∑
k∈(−pi,pi]
Hk
= ψ†khkψk, (5)
satisfying [Hk, Hk′ ] = 0. Here H
′ is rewritten in the
Nambu representation with the basis
ψk =
1√
2


−β†−k + βk
−α†−k + αk
α†−k + αk
−β†−k − βk

 . (6)
And hk is a 4× 4 matrix
hk =


0 0 γ−k go
0 0 −ge 0
γk −ge 0 0
go 0 0 0

 , (7)
where γk = λ + e
ik. The eigenstates of hk are
∣∣φkρσ〉
(σ, ρ = ±) with eigenvalues
εkρσ =
ρ√
2
√
Λk + σ
√
Λ2k − 4g2og2e , (8)
where Λk = |γk|2 + g2o + g2e . The explicit expression of∣∣φkρσ〉 is
|φkρσ〉 =
1
Ωρσ


εkρσgeγ−k
εkρσ[
(
εkρσ¯
)2 − g2e ]
ge[
(
εkρσ
)2 − g2o ]
gegoγ−k

 , (9)
where Ωρσ = ρ
√
2ge(ε
k
ρσ)
−1 {[(εkρσ)4 − (gego)2] [(εkρσ)2 −
g2o ]} 12 are normalization factors.
There are four Bogoliubov-de Gennes bands from the
eigenvalues of hk, indexed by ρ, σ = ±. The band touch-
ing points for σ = ± occur at kc when
Λ2kc − 4g2og2e = 0, (10)
or for ρ = ±, when
Λkc =
√
Λ2kc − 4g2og2e . (11)
The solutions of above equations form the degeneracy
lines
λ = ±1, go = ±ge, (12)
and planes indicates by
go = 0, (13)
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FIG. 1. Schematic illustration of the degenerate lines and
corresponding topological invariant in 3-dimensional param-
eter space. There are four lines a, b, c, d, which cross at the
λ axis. The topological feature of the nodal lines is charac-
terized by the path integral along the loops, as topological
invariant, which is denoted for each loop. The obtained re-
sults indicate that the topological feature of the degenerate
lines is equivalent to that of the magnetic fields produced by
the current-carrying wires (a,b,c,d) with directions denoted
by arrows.
or
ge = 0, (14)
in parameter space (ge, go, λ), which are the quantum
phase boundaries. In this paper, we only focus on the
nodal lines. We plot the degeneracy lines in parame-
ter space (ge, go, λ) in Fig. 1. We see that there are
four nodal lines in the 3-dimensional parameter space,
which cross at the λ axis with λ = ±1. In the planes of
go = ±ge, four nodal lines are boundaries between trivial
and non-trivial topological phases82. Whereas in other
surface containing a nodal line, there are no guarantee
for the occurrence of a topological QPT when crossing
the nodal line.
III. BAND STRUCTURE AND SYMMETRY
Based on the solution of hk, all the properties of the
system can be obtained. Now we focus on the property
of the eigenstates of hk. We introduce a particle-hole
transformation P , which is defined as
P−1clP = c†l . (15)
Applying P on operators αk and βk we immediately have
P−1αkP = α†−k,P−1βkP = β†−k, (16)
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FIG. 2. (Color online) Energy spectra from Eq. (8) at typical
points (a) ge = 0.5, go = 0.5, λ = 0.8; (b) ge = 0.5, go = 0.5,
λ = 1;(c) ge = 0, go = 0, λ = 0.8;(d) ge = 0, go = 0, λ = 1.
We see that (a) in general, there are four energy bands with
symmetry about zero energy; (b) the two positive (negative)
bands touch each other at a single point when ge = ±go; (c)
when ge = go = 0, two energy bands near the zero point
become a flat band; (d) the top and the bottom bands touch
each other at a single point at the flat band.
and
P−1ψkP = Cψk, (17)
where
C =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 . (18)
It is easy to check that
{C, hk} = 0, (19)
i.e., hk has the particle-hole symmetry. From the secular
equation hk
∣∣φkρσ〉 = εkρσ ∣∣φkρσ〉, we have
C
∣∣φkρσ〉 = ∣∣φkρ¯σ〉 , (20)
with labels σ = −σ and ρ = −ρ, which accords with the
expression of
∣∣φkρσ〉 in Eq. (9). Then we have
〈
φkρσ
∣∣ ∂k ∣∣φkρσ〉 = 〈φkρ¯σ∣∣ ∂k ∣∣φkρ¯σ〉 , (21)
which indiates that the particle state
∣∣φk+σ〉 and hole
state
∣∣φk−σ〉 have the identical Berry connection.
We note that C and hk cannot have the common eigen-
states. However, we have
[C, (hk)
2] = 0, (22)
4which means that C and (hk)
2 can have the same eigen-
states. In other word, matrix (hk)
2 can be block diago-
nalized in the P symmetry invariant subspaces. Actually
it is easy to check that
2(hk)
2 =
(
hek 0
0 hok
)
+ Λk, (23)
where
hek =
(
Λk − 2g2e −2γ−kge
−2γkge 2g2e − Λk
)
, (24)
and
hok =
(
Λk − 2g2o 2γkgo
2γ−kgo 2g2o − Λk
)
. (25)
Straightforward derivation shows that matrices hek and
hok have the relations: (i)
σyh
e
kσy = −he−k, σyhokσy = −ho−k, (26)
with
σy =
(
0 −i
i 0
)
; (27)
(ii) they have the same eigenvalues
ǫkσ = 2(ε
k
ρσ)
2 − Λk. (28)
It indicates that, the four bands can be reduced to two
bands. For an arbitrary state in the form
∣∣Φkσ〉 = α ∣∣φkσσ〉+ β|φkσ¯σ〉, (29)
we always have
[
2(hk)
2 − (g2e + g2o + |γk|2)
] ∣∣Φkσ〉 = ǫkσ ∣∣Φkσ〉 . (30)
Furthermore, applying operator
Σ =
(
σy 0
0 −σy
)
, (31)
on the Eq. (30), we have
ǫkσ¯Σ
∣∣Φkσ〉 = −ǫkσΣ ∣∣Φkσ〉
=
[
2(h−k)2 − (g2e + g2o + |γk|2)
]
Σ
∣∣Φkσ〉 .(32)
Then we have
Σ
∣∣Φkσ〉 = α′ ∣∣φ−kσ¯σ¯ 〉+ β′|φ−kσσ¯ 〉 = ∣∣Φ′−kσ¯ 〉 , (33)
which reveals the relation between
∣∣Φkσ〉 and the eigen-
state
∣∣Φ′−kσ 〉 of (h−k)2. Here factors α′ and β′ is obtained
as α and β from the expression of in Eq. (29). We have
another relation about the Berry connection
〈
φkρρ
∣∣ ∂k ∣∣φkρρ〉 = 〈φ−kρρ¯ ∣∣ ∂k ∣∣φ−kρρ¯ 〉 . (34)
These results are the basement for exploring the topolog-
ical feature of the system.
In addition, two 2× 2 matrices hek and hok characterize
the same physics of the 4 × 4 matrix hk with a simpler
form. For example, in the planes of go = ±ge, Eq. (28)
is reduced to
∣∣λ+ eik∣∣
√
|λ+ eik|2 + 4g2o. According to
the method developed in Ref.83–85, four nodal lines, are
topological quantum-phase boundaries. Actually, such a
dispersion relation links to a loop with parameter equa-
tion {
x = B0(λ+ cos k)
y = B0 sin k
, (35)
where B0 =
√
λ2 + 2λ cos k + 1 + 4g2o . The winding
number of the loop
v =
{
1, |λ| < 1
0, |λ| > 1 , (36)
which identify the topological invariants of the quantum
phases.
IV. TOPOLOGICAL INVARIANTS
The aim of this paper is to investigate the topological
feature of the nodal lines in the three dimensional pa-
rameter space. The topological properties of 1D system
are characterized by the so-called Zak phase, the Berry’s
phase picked up by an eigenstate of hk sweeping across
the Brillouin zone. There are four eigenstates for a given
k. The Zak phase for the branch of
∣∣φkρσ〉 is
Zρσ(ge, go, λ) = 1
2π
∫ pi
−pi
〈
φkρσ
∣∣ ∂
∂k
∣∣φkρσ〉 dk. (37)
The equations of the Berry connection (21) and (34) show
that
Zρσ = Zρ¯σ,Zρρ = −Zρρ¯ (38)
which allow us only consider the property of the Zak
phase Z++. In the following we neglect the subscript by
taking Z++ = Z.
It has been shown that quantity
N =
∮
L
∇Z · dr, (39)
is equivalent to Chern number, which is quantized as a
topological invariant, characterizing the degenerate point
in the parameter space. Here ∇ is the nabla operator
∇ = ( ∂
∂ge
i+
∂
∂go
j+
∂
∂λ
k), (40)
and r = gei+goj+λk is the vector in the parameter space.
The value of N depends on the topology of loop L in the
5parameter space: N is zero if the loop does not encircle
the nodal line, while may be nonzero if encircle the nodal
line. However, it is a little complicated to determine the
exact integer N from the direct derivation from state∣∣φkρσ〉. Nevertheless, all the loops have the same N , if
they encircle the identical nodal lines. Therefore, each of
semi-infinite lines has their own field current, indicating
the Chern number encircling them. In order to determine
the Chern number, we rewrite hk as the form
hk =


2go γ−k 0 γ−k
γk 2ge −γk 0
0 −γ−k −2go −γ−k
γk 0 −γk −2ge

 , (41)
in the operator basis
ψ†k =
1√
2
( −β−k, α−k, −β†k, α†k ) . (42)
In the case of go ≈ ge ≫ 1≫ |1− λ|, we have
hk ≈
(
hRMk 0
0 −hRMk
)
+ (go + ge)
(
I2 0
0 −I2
)
, (43)
where the core matrix
hRMk =
(
∆ γ−k
γk −∆
)
, (44)
is nothing but the Bloch Hamiltonian of a standard RM
model86, with a staggered on-site potential ∆ = go − ge.
It has been shown that if the system adiabatically
evolves along a loop enclosing the degeneracy points
(0,±1) in the ∆ − λ plane, then the polarization will
be changed by ±1, where the sign depends on the direc-
tion of the loop. On the other hand, if the loop does not
contain the degeneracy point, then the pumped charge
is zero87. Similarly, the direction of each nodal lines can
be determined. We demonstrate topological properties
of these lines in Fig. 1, which indicates that the nodal
lines act as current carrying wires, obeying the topology
of the electric circuits.
V. EDGE MODES AND ADIABATIC
TRANSPORT
The above results indicate that the quantum phase
boundaries of the model H exhibit the topological char-
acterization. Inspired by the principle of bulk-edge cor-
respondence we expect that the hidden topology behind
the model can be unveiled by exploring the edge modes
of the corresponding Majorana Hamiltonian. In general,
the edge modes always live at zero energy88. However, the
key feature as a topological invariant is the bound state,
rather than the zero eigenvalue, which may be shifted
by a constant for some specific model. We will see this
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FIG. 3. (Color online) Lattice geometries for the Majorana
models described in Eqs. (52) and (56), with open boundary
(a) and weak tunneling κ between two ends (b), respectively.
Solid (empty) circle indicates (anti) Majorana modes, while
solid and dashed lines indicate intra-chain and across end to
end weak hopping terms, respectively. Both panels (a) and (b)
represent a SSH chain with staggered side-couplings, forming
a comb-like lattice.
point from the following example. Considering the spin-
less fermion system with an open boundary condition,
the Hamiltonians read
HCH = H −M,
M =
(
c†2Nc
†
1 + c
†
2Nc1
)
+H.c., (45)
which represent the original system with breaking the
couplings across neighboring sites (2N, 1).
We introduce Majorana fermion operators
aj = c
†
j + cj , bj = −i
(
c†j − cj
)
, (46)
which satisfy the relations
{aj , aj′} = 2δj,j′ , {bj, bj′} = 2δj,j′ ,
{aj , bj′} = 0, a2j = b2j = 1. (47)
The inverse transformation is
c†j =
1
2
(aj + ibj) , cj =
1
2
(aj − ibj) . (48)
Then the Majorana representation of the Hamiltonian is
HCH =
2N∑
l=1
i
2
(µlalbl −H.c.)
+
N−1∑
l=1
i
2
(λb2l−1a2l + b2l+1a2l −H.c.)
+
i
2
(λb2N−1a2N −H.c.) , (49)
where
µl =
{
ge, even l
go, odd l
. (50)
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FIG. 4. (Color online) (a) Majorana dimensionless center of
mass distribution on the parameter space, (go− ge)−λ plane
for the mid-gap state in Eq. (55). There are four regions
filled by different colors. If we calculate the change of η along
a loop enclosing the degeneracy point (0,±1) in the space,
then η will be changed by ±1. On the other hand, if the loop
does not contain the degeneracy point, then the change of
η is zero. (b) and (c) are plots of the spectra of Majorana
lattice with parameters along the cycle in (a) with open and
weak link boundary condition respectively. The spectrum (c)
indicates that the change of η along a loop can be obtained
by an adiabatic process for the mid-gap state marked in red.
We write down the Hamiltonian in the basis ϕT = (a1,
b1, a2, b2, a3, b3, ...) and see that
HCH = ϕ
ThCHϕ, (51)
where hCH represents a 4N × 4N matrix. Here matrix
hCH is explicitly written as
hCH =
i
2
2N∑
l=1
(µl |l〉AB 〈l| −H.c.) (52)
+
i
2
N−1∑
l=1
(λ |2l− 1〉BA 〈2l|+ |2l + 1〉BA 〈2l|
−H.c.) + i
2
(λ |2N − 1〉BA 〈2N | − H.c.),
where basis {|l〉A , |l〉B , l ∈ [1, 2N ]} is an orthonormal
complete set, α〈l |l′〉β = δll′δαβ . The basis array is (|1〉A ,
|1〉B , |2〉A , |2〉B , |3〉A , |3〉B , ...), which accords with
ϕT . Schematic illustrations for structures of hCH are de-
scribed in Fig. 3. It is expected to have another quantity
which allows us to discern two kinds loops encircling a
nodal line or not (also including different types of nodal
lines). To this end, we introduce the concept of center
of mass of Majorana fermion for a mid-gap state |χρσ〉,
which is defined as
ηρσ =
1
2N
2N∑
l=1
〈χρσ| l(|l〉AA 〈l|+ |l〉BB 〈l|) |χρσ〉 . (53)
Here we take dimensionless length, and then the range
of ηρσ is [0, 1]. In the following, we will show that all the
mid-gap states and the corresponding η can be obtained
exactly.
For |λ| < 1 the mid-gap states |χρσ〉 with eigenvalue
Eρσ


|χ++〉
|χ+−〉
|χ−+〉
|χ−−〉

 = 1
Ω
N∑
l=1


(−λ)l−1 (|2l− 1〉A − i |2l − 1〉B),
(−λ)N−l (|2l〉A − i |2l〉B),
(−λ)N−l (|2l〉A + i |2l〉B),
(−λ)l−1 (|2l− 1〉A + i |2l − 1〉B),

 ,
2Eρσ = (go, ge,−ge,−go) , (54)
where Ω =
√
2 (1− λ2N ) / (1− λ2) ≈ √2/ (1− λ2). We
note that they are all edged states but not zero mode.
The corresponding center of mass are
η = ηρσ =
1
NΩ2
N∑
l=1
{
(2l− 1)λ2(l−1), ρ− σ = 0
(2l)λ2(N−l), ρ+ σ = 0
.
(55)
It shows that when |λ| approaches to 1, the mid-gap
states close to extended states with a uniform probabil-
ity distribution, the center of mass locate at the center of
chain. And the level becomes the band edge in the region
|λ| 6 1. It accords with the plots of band structure of
hCH in Fig. 4.
If we only focus on the mid-gap state just under the
first band (shown as red in Fig. 4(b)). It experiences a
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FIG. 5. (Color online) (a) Schematics of four cycles around
several typical points in the parameter space, (go − ge) − λ
plane. The radius R = 0.95, points b at (0,−1) and d at
(0, 1) are two degeneracy points with opposite topological in-
variants, while points c at (0, 0) and e at (0, 4) are two trivial
points. (b)-(e) are plots of Majorana current and the cor-
responding total probability transfer for quasi-adiabatic pro-
cess. The results are obtained numerically for the system
with N = 8 and κ = 0.02. The speed of time evolution is
ω = 5× 10−7. It indicates that the topological invariant can
be obtained by dynamical process.
sudden change at the vicinity of ge = go in the region
|λ| 6 1. Accordingly, there is a jump from 0 to 1 for the
center of mass. This behavior is familiar to that of po-
larization associated with the Zak’s phase87. In general,
the topological charge pumping is a transport of charge
through an adiabatic cyclic evolution of the underlying
Hamiltonian. The term topology originates from the fact
that the transported charge is quantized and purely de-
termined by the topology of the pump cycle, making it
robust to perturbation. Furthermore, the pumped charge
in each cycle can be connected to a topological invariant,
the Chern number. In the present system, we consider the
transport of Majorana fermion. If the system adiabati-
cally evolves along a loop enclosing the degeneracy line
in the (ge, go, λ) space, then the center of mass will be
changed by 1, which means that if we allow (ge, go, λ) to
change in time along this loop, a quantized probability of
Majorana fermion is pumped out of the system after one
cycle. It is a similar idea with the Thouless topological
pump89,90. On the other hand, if the loop does not con-
tains the degeneracy lines, then the pumped probability
is zero. The particle can be pumped out from the left or
the right end of the system, which depends on the direc-
tion of the loop. In other word, the pumped Majorana
fermion in each cycle can be connected to its winding
number associated with the field P. To demonstrate this
point, we plot the function η(ge, go, λ) in the (go−ge)−λ
plane Fig. 4(a). It is clearly that the degeneracy points
act as the vortices of the field η. It indicates that the
transport of the Majorana center of mass directly connect
to the topological invariant.
In practice, the pumped probability can be detected by
a dynamical process in a ring system, where the two ends
of the Majorana lattice is connected by a weak coupling.
The Hamiltonian has the form
hR = hCH +
iκ1,2N
2
(|1〉BA 〈2N | −H.c) (56)
where κ is the hopping constant of the weak tunneling. In
the presence of κ, the spectrum of the Majorana lattice is
changed, which allows the pumped probability flow along
the ring. To illustrate this point, we plot the spectra of
hCH and hR respectively for a circle around a degeneracy
point in Fig. 4(b) and Fig. 4(c).
When we consider an adiabatic process for a mid-gap
state, all the Majorana probability should pass through
two neighboring site (bn, an+1) odd times if the adiabatic
passage encloses a degeneracy line, otherwise even times.
The transport of Majorana probability can be witnessed
by the current across (bn, an+1), which is defined from
the current operator
jn = −κn,n+1
2
{
(|n〉BA 〈n+ 1|+H.c), n = 2l − 1
(|n〉AB 〈n+ 1|+H.c), n = 2l ,
(57)
where l = 1, 2, ..., N . The total pumped Majorana proba-
bility for an adiabatically evolved mig-gap state through
a loop is
Qn =
∫ T
0
Jndt, (58)
where Jn = 〈Φ (t)| jn |Φ (t)〉, T is the period of the
evolved time, satisfying |〈Φ (t)|Φ (t+ T )〉| = 1 for any t.
The topological invariant N for a given loop corresponds
the dynamical quantity Qn, which is independent of n.
8This is referred to dynamical bulk-edge correspondence,
which links the topological feature in bulk to the dynam-
ical quantity of the corresponding Majorana system.
To examine how the scheme works in practice, we sim-
ulate the quasi-adiabatic process by computing the time
evolution numerically for finite system. We consider the
dynamical process along circles in the parameter space,
(go − ge) − λ plane. The path equation is taken as the
form {
go − ge =
√
2R cos(ωt)
λ = λc +R sin(ωt)
, (59)
where (0, λc) and R are the center and the semi-minor
axis of the ellipse. For a given initial eigenstate |ψ (0)〉,
the time evolved state is
|Φ (t)〉 = exp(−i
∫ t
0
hR (t) dt) |ψ (0)〉 . (60)
In low speed limit ω → 0, we have
f (t) = |〈Φ (t)|ψ (t)〉| → 1, (61)
where |ψ (t)〉 is the corresponding instantaneous eigen-
state of hR (t). The computation is performed by using
a uniform mesh in the time discretization for the time-
dependent Hamiltonian H (t). In order to simulate a
quasi-adiabatic process, we keep f (t) > 0.997 for all the
processes by taking sufficient small ω. Fig. 5 plots the
simulations of Majorana current and the corresponding
total probability for several typical cases. It shows that
the obtained dynamical quantities are in closer agreement
with the expected values. This paves a way to detect the
topological invariants by dynamical process.
We have established our main results, and a few com-
ments are in order. First, notice that the zero mode
states calculated here are not at exact zero-energy due
to the finite-size of the system (N = 8). Accordingly, the
Majorana charges are not located at exact edges, i.e., the
probability in the middle of the system is nonzero. How-
ever, the numerical results indicate that the character of
topological pump is still evident. This is a benefit for
experimental realization. Second, we would like to point
out that the idea of the topological pump for ultracold
atom has been realized experimentally91,92.
VI. SUMMARY
In conclusion, we have studied the topological feature
of nodal lines in the dimerized Kitaev spin chain with a
staggered transverse field. We have shown that the phase
boundary line acts as a vortex filament associated with
the field P generated by Zak phase. Unlike a topological
quantum phase, which only corresponds to a point in pa-
rameter space, a topological nodal line always involves a
loop in parameter space. In parallel, a nontrivial topolog-
ical phase always associated with edge states in the open
boundary, while a nontrivial loop is shown to be linked
to a quantized charge pump. By Majorana transforma-
tion, we investigated a Thouless quantum pump with
Majorana fermion analytically and numerically. Our re-
sults indicates that the quantized pumping charge can
obtained by quasi-adiabatic circle evolution in a system
with an impurity. It provides a way to observe the dy-
namical bulk-edge correspondence in experiment.
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